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Abstract
For any connected (not necessarily complete) Riemannian manifold, we construct a probability
measure of type eV (x) dx, where dx is the Riemannian volume measure and V is a function C∞-
smooth outside a closed set of zero volume, satisfying Poincaré–Sobolev type functional inequalities.
In particular, V is C∞-smooth on the whole manifold when the Poincaré and the super-Poincaré
inequalities are considered. The Sobolev inequality for infinite measures are also studied.
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1. Introduction
Let (M,g) be a connected noncompact Riemannian manifold of dimension d . Let V ∈
C∞(M) such that µ(dx) := eV (x) dx is a probability measure, where dx is the volume
measure. We consider, for instance, the following log-Sobolev inequality developed by
Gross [9]:
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(
f 2 logf 2
)
 Cµ
(|∇f |2)+ µ(f 2) logµ(f 2), f ∈ W 2,1(µ), (1.1)
where C > 0 is a constant, W 2,1(µ) := {f : |f |, |∇f | ∈ L2(µ)} with ∇f defined in the
distribution sense:
∫
f (divZ)dx = ∫ 〈∇f,Z〉dx for all C1-vector field Z with compact
support.
Since 1984 when Bakry and Emery [3] presented their famous criterion on the log-
Sobolev inequality, sufficient and necessary conditions on M and V for (1.1) to hold have
been studied intensively. If M is complete with Ric−HessV K > 0, then Bakry-Emery’s
criterion implies (1.1) for C = 2/K . This result has been widely applied and modified in
the literature, see, e.g., [6] for applications to the stochastic Ising models and [5] for an
extension to the case where Ric−HessV is locally negative. On the other hand, letting ρ
be the Riemannian distance function to a fixed point, (1.1) implies µ(eλρ2) < ∞ for some
λ > 0 (see, e.g., [1,10]). Conversely, if Ric−HessV K for some K  0, the author [15,
17] proved that (1.1) holds for some C > 0 provided
µ
(
eλρ
2)
< ∞ for some λ > −K/2. (1.2)
Consequently, if K = 0 (i.e. Ric−HessV  0) then (1.2) is sufficient and necessary for the
log-Sobolev inequality to hold.
The above mentioned sufficient conditions, as well as other related ones in the literature,
deeply rely on the curvature of M , so that in applications one has to find out V ∈ C∞(M)
such that Ric−HessV is at least bounded below. In this paper, we aim to prove the exis-
tence of (1.1) for any Riemannian manifold, i.e. we hope that there is no any obstructions
from the Riemannian metric for the log-Sobolev inequality to hold for some probability
measure dµ := eV (x) dx . Thus, we would suggest the following conjecture.
Conjecture 1.1. For any (not necessarily complete) connected Riemannian manifold M
and any C > 0, there exists V ∈ C∞(M) such that µ := eV dx is a probability measure
satisfying (1.1).
This conjecture is obviously true if M is complete with Ricci curvature bounded below.
Indeed, if M is complete and RicK , then (see, e.g., Bakry [2] and the references within)
Pt
(
f 2 logf 2
)
 2(1 − e
−2Kt)
K
Pt
(|∇f |2)+ (Ptf 2) logPtf 2 (1.3)
for all f ∈ C∞0 (M), t > 0, where Pt := et is the heat semigroup. Thus, to ensure (1.1),
one may take µ := Pt (o, ·) for a fixed point o ∈ M and t > 0 such that 2(1 − e−2Kt)/K 
C, where Pt (o, ·) is the transition probability of Pt . So, to deduce (1.1), it remains to note
that in the complete case one has W 2,1(µ) = H 2,1(µ), the completion of C∞0 (M) under
the Sobolev norm ‖f ‖2,1 := ‖f ‖L2(µ) + ‖∇f ‖L2(µ). Indeed, letting hn ⊂ C∞0 (M) such
that hn|B(o,n) = 1, hn|B(o,n+2)c = 0, 0  hn  1, |∇hn|  1, n  1, where B(o, r) is the
geodesic ball at o with radius r , for any f ∈ W 2,1(µ) we have fn := hnf ∈ W 2,1(dx) =
H 2,1(dx) (see, e.g., [12]). Since fn has compact support and since eV is locally bounded,
we have fn ∈ H 2,1(µ) for n 1 and it is trivial to see that ‖fn − f ‖2,1 → 0 as n → ∞.
Thus, f ∈ H 2,1(µ).
428 F.-Y. Wang / J. Math. Anal. Appl. 300 (2004) 426–435Therefore, to prove the above conjecture, we may first construct a new metric g˜ which
is complete and the corresponding Ricci curvature is bounded below so that (1.1) holds for
the new metric, then we try to reduce back to the original metric. According to Lohkamp
[11], the metric g˜ always exists provided d  3. Thus, for d  3 the following statement
follows immediately: for any C > 0 there exists V ∈ C∞(M) such that µ := eV dx is a
probability measure, and there exists strictly positive α ∈ C∞(M) such that
µ
(
f 2 logf 2
)
 cµ
(
α|∇f |2)+ µ(f 2) logµ(f 2), f ∈ C∞0 (M). (1.4)
Indeed, there exists positive α ∈ C∞(M) such that α|∇f |2  g˜(∇g˜f,∇g˜f ), then (1.4)
follows from Conjecture 1.1 for the metric g˜.
To deduce (1.1) from (1.4), one has to construct the metric g˜ such that α is bounded.
This is the main difficulty of the study. In this paper, we realize the above proposal if M
is diffeomorphic to N × Rn for some compact manifold N and n  1. Consequently, we
prove (1.1) for general connected Riemannian manifold if V is allowed to be C∞ except a
closed set of zero volume.
Theorem 1.1. Conjecture 1.1 holds if M is diffeomorphic to N × Rn for some compact
manifold N and n  1. In general, for any Riemannian manifold (M,g) and any C > 0,
there exist a closed set D of zero volume and a function V ∈ C∞(M\D) such that µ :=
eV dx is a probability measure satisfying (1.1).
Concerning the validity of the Poincaré and the super-Poincaré inequality (see [16]), we
have the following rather complete statement.
Theorem 1.2. There exists V ∈ C∞(M) such that µ(dx) := eV (x)dx is a probability mea-
sure satisfying
µ
(
f 2
)
 rµ
(|∇f |2)+ β(r)µ(|f |)2, r > 0, f ∈ W 2,1(µ) (1.5)
for some β : (0,∞)→ (0,∞). Consequently, there exists C > 0 such that
µ
(
f 2
)
 Cµ
(|∇f |2)+ µ(f )2, f ∈ W 2,1(µ). (1.6)
We remark that according to [16] (see also [8,18]), (1.5) is equivalent to the compactness
of the Markov semigroup Pt associated to the Dirichlet form E(f, g) := µ(〈∇f,∇g〉),
f,g ∈ W 2,1(µ). Finally, in the same spirit of Theorem 1.1, we have the following results
concerning upper bounds of the transition density, which are stronger than the log-Sobolev
inequality.
Theorem 1.3. (1) There exists V ∈ C∞(M\D) with D a closed set of zero volume such
that dµ := eV dx is a probability measure satisfying
µ
(
f 2
)
 rµ
(|∇f |2)+ exp[c(1 + r−1/2)]µ(|f |)2, r > 0, f ∈ W 2,1(µ) (1.7)
for some c > 0. Equivalently, letting Pt be the Markov semigroup associated to the Dirich-
let form E(f, g) := µ(〈∇f,∇g〉), D(E) := W 2,1(µ), one has
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[
λ
(
1 + t−1)], t > 0 (1.8)
for some λ > 0.
(2) If there exists a probability measure µ := eV dx for some measurable function V
and there exists δ > 2 such that (1.7) holds with r−1/2 replaced by r−1/δ , or equivalently,
(1.8) holds with t−1 replaced by t−1/(δ−1), then M is bounded, i.e. the diameter of M is
finite.
(3) There exists V ∈ C∞(M\D) for some closed set D of zero volume such that dµ :=
eV dx satisfies the following Nash inequality:
µ
(
f 2
)
 cµ
(|∇f |2)d/(d+2), f ∈ W 2,1(µ), µ(|f |) = 1 (1.9)
for some c > 0, equivalently,
‖Pt‖L1(µ)→L∞(µ)  ct−d/2, t > 0 (1.10)
for some c > 0.
(4) If M is diffeomorphic to N ×Rn for some compact manifold N and n 1, then we
may take V ∈ C∞(M) in (1) and (3).
We remark that the appearance of the set D in (3) is essential when M is compact, since
in this case (1.9) does not hold for dµ := eV dx with bounded V .
We first prove Theorem 1.2 using some known techniques, then modify the argument to
prove Theorems 1.1 and 1.3.
2. Proofs of Theorem 1.2
Let o ∈ M be a fixed point and let ρ(x) := dist(o, x) for x ∈ M . For any r > o, let
Br = B(o, r) := {ρ  r}.
Lemma 2.1. If (M,g) is complete then the assertions in Theorem 1.2 holds.
Proof. By [16, Corollary 2.3], it suffices to find out V ∈ C∞(M) such that L :=  + ∇V
satisfies limρ→∞ Lρ = −∞, where the limit is taken outside cut(o), the cut-locus of o.
Since M is complete, Br is compact for any r > 0. Then by the local boundedness of the
Ricci curvature and by the Laplacian comparison theorem, there exists a positive function
φ ∈ C(0,∞) such that
ρ(x) φ ◦ ρ(x), x /∈ {o} ∪ cut(o). (2.1)
Let r0 > 0 be such that B2r0 ∩ cut(o) = ∅, define (since φ(r) ∼= (d − 1)/r for small r , we
only consider r  r0 to make V˜ well-defined)
V˜ (x) := −
ρ(x)∨r0∫
r0
(
r + φ(r))dr, x ∈ M,
and let L˜ :=  +∇V˜ . By (2.1) we have
L˜ρ(x)−ρ(x), x /∈ cut(o), ρ(x) r0. (2.2)
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there exists a sequence of smooth domains Br0 ⊂ Dn ↑ M \ cut(o) such that Nnρ|∂Dn  0,
where Nn is the outward unit normal vector of ∂Dn. Then, by (2.2) and the integration by
parts formula, µ˜(dx) := eV˜ (x) dx satisfies
µ˜(Dn \ Br0)
1
r0
∫
Dn\Br0
(−L˜ρ)dµ˜ µ˜∂ (∂Br0)
r0
, n 1,
where µ˜∂ (∂Br0) is the (d − 1)-dimensional measure of ∂Br0 induced by µ˜. Thus,
µ˜(M) = µ˜(M \Br0)+ µ˜(Br0) µ˜∂ (∂Br0)/r0 + µ˜(Br0) < ∞.
Moreover, for any r > r0 and any smooth bounded domain D ⊂ Bcr , by (2.2) and the
integration by parts formula, we have
µ˜(D) = lim
n→∞ µ˜(D ∩Dn)
1
r
lim
n→∞
(
−
∫
D∩Dn
L˜ρ dµ˜
)
= 1
r
lim
n→∞
(
−
∫
∂(D∩Dn)
Nnρ dµ˜∂
)
 1
r
[
µ˜∂ (∂D)−
∫
˚D∩∂Dn
Nnρ dµ˜∂
]
 µ˜∂ (∂D)
r
,
where Nn is the outward unit normal vector of ∂(D ∩ Dn). Therefore, by Cheeger’s in-
equality, we arrive at
λr
(
L˜
) := inf{µ˜(|∇f |2): f ∈ C∞0 (Bcr ), µ(f 2)= 1} r24 , r > r0.
Now, let V ∈ C∞(M) such that δ := sup(V − V˜ )− inf(V − V˜ ) < ∞ and µ(dx) := eV (x) dx
is a probability measure. Let L :=  +∇V . Then
λr(L) := inf
{
µ
(|∇f |2): f ∈ C∞0 (Bcr ), µ(f 2)= 1} e−δλr (L˜)
which goes to ∞ as r → ∞. According to the proof of [16, Theorem 2.1], this implies
(1.5) for some β : (0,∞) → (0,∞). Finally, by [5, Proposition 1.3 and Theorem 3.1],
(1.5) implies (1.6) for some C > 0. 
Remark. There is an alternative proof of Lemma 2.1 by using the ground-state transforma-
tion. Let V ∈ C(M) such that limρ→∞ V = ∞. Then LV :=  − V has discrete spectrum
on L2(dx). Let ϕ (> 0) be the ground state, then dµ := ϕ2 dx meets our requirement. In-
deed, let L :=  + ∇ logϕ2, we have Lf = ϕ−1LV (f ϕ) + λ0f , where λ0 > 0 such that
LV ϕ = −λ0ϕ. Since the operator ϕ−1LV (φ·) on L2(µ) has the same spectrum as LV on
L2(dx), L has discrete spectrum and hence (1.5) holds according to [16, Theorem 2.1]. On
the other hand, the proof of Lemma 2.1 presented above implies explicit constructions of
the function V .
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make a conformal change of the metric so that Lemma 2.1 applies to the new metric. Let
{Dn}n1 be a sequence of compact domains such that ˚Dn ↑ M as n ↑ ∞ and Dn ⊂ ˚Dn+1,
n  1. Then cn := dist(Dn, ˚Dcn+1) > 0, n  1. Let hn ∈ C∞(M) such that hn|Dn−1 = 1,
hn|Dcn = cn ∧ 1 and cn ∧ 1 hn  1, n 2. Then h :=
∏∞
n=2 hn ∈ C∞(M) and 1 h > 0.
Indeed, for any x ∈ M , there exists n  2 such that x ∈ ˚Dn so that in a neighborhood of
x , one has h =∏ni=2 hi which is positive and smooth. Letting g˜ := h−1g, we claim that
(M, g˜) is a complete Riemannian manifold. Indeed, since h cm on Dcm, one has
distg˜
(
Dm, ˚D
c
m+1
)
 cm
cm
= 1, m 2,
where distg˜ is the Riemannian distance induced by g˜. Then distg˜(D2, ˚Dcm)m − 2 for all
m 3. Thus, for any distg˜-Cauchy sequence {xn}, which is therefore distg˜-bounded, there
exists m 2 such that {xn} ⊂ Dm and hence {xn} converges due to the compactness of Dm
and the equivalence of g˜ and g on Dm.
Moreover, one has ∇g˜f = h∇f so that
g˜(∇g˜f,∇g˜f ) = hg(∇f,∇f ) = h|∇f |2  |∇f |2. (2.3)
By Lemma 2.1, there exists V˜ ∈ C∞(M) with µ(dx) := eV˜ (x)ν˜(dx), a probability measure,
where ν˜(dx) is the volume measure induced by g˜, such that
µ
(
f 2
)
 rµ
(
g˜(g˜f,g˜f )
)+ β(r)µ(|f |2), r > 0, (2.4)
holds for some β : (0,∞)→ (0,∞) and all f ∈ L2(µ)∩W 2,1loc with µ(g˜(∇g˜f,∇g˜f )) < ∞,
where W 2,1loc := {f : f, |∇f | ∈ L2loc(dx)}. Since g and g˜ are locally equivalent, W 2,1loc is
independent of the metric. Combining (2.3) and (2.4), we complete the proof. 
3. Proofs of Theorems 1.1 and 1.3
We first consider the following inequality on Rd :
µ
(
f 2 logf 2
)
 cµ
(〈a∇f,∇f 〉)+µ(f 2) logµ(f 2), f ∈ L2(µ)∩ W 2,1loc , (3.1)
where a := (aij )d×d is a matrix-valued continuous function and strictly positive definite at
any point, dµ := eV dx is a probability measure for some V ∈ C∞(Rd).
Proposition 3.1. For any c > 0 there exists V ∈ C∞(Rd ) such that dµ := eV dx is a prob-
ability measure satisfying (3.1).
Proof. Since a is strictly positive definite and continuous, the function
λ(r) := inf
|x|2r
inf|y|=1
√〈a(x)y, y〉, r > 0,
is strictly positive, continuous and decreasing. Let ξ ∈ C∞[0,∞) be strictly positive with
ξ  λ, and define
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∞∫
r
ds
∞∫
s
ξ(u)e−u du, r > 0.
Then α′  0, α′′  0 and α  λ. Letting h(x) := α(|x|2), we have h(|∇f |2) 〈a∇f,∇f 〉
for all f . It now suffices to prove
µ
(
f 2 logf 2
)
 cµ
(
h|∇f |2)+µ(f 2) logµ(f 2), f ∈ L2(µ)∩ W 2,1loc . (3.2)
To this end, consider the Riemannian metric
g(∂i , ∂j ) := h−2〈∂i, ∂j 〉 = h−2δij , 1 i, j  d.
For any vector X with g(X,X) = 1, (i.e |X| = h), by [13, Proposition 2.1]) we have
Ricg(X,X) hh − (d + 3)|∇h|2 − 2(Xh)2 + (d − 2)hHessh(X,X)
which is bounded since α(r), α′(r) and α′′(r) converge to zero exponentially fast in r as
r → ∞. Thus, it follows from (1.3) that there exists V ∈ C∞(Rd ) with µ(dx) := eV (x) dx
a probability measure satisfying
µ
(
f 2 logf 2
)
 cµ
(
g(∇gf,∇gf )
)+ µ(f 2) logµ(f 2), f ∈ C∞0 (Rd). (3.3)
Since (Rd, g) is complete, one has H 2,1(µ) = W 2,1(µ) defined w.r.t. the metric g, and
hence (3.3) holds for all f ∈ L2(µ)∩ W 2.1loc since
W 2.1(µ) = {f ∈ W 2.1loc : µ(g(∇gf,∇gf ))< ∞}.
This implies (3.2) since g((∇gf,∇gf )) = h2|∇f |2. 
Proof of Theorem 1.1. (a) We first consider the case that M is diffeomorphic to N ×Rn
for some compact manifold N and some n 1. In this case we may regard M as N ×Rn
equipped with some Riemannian metric g.
Given a Riemannian metric gN on N and the Euclidean metric g0 on Rn, let g′ :=
gN × g0 be the product metric. For any y ∈Rd , define
η(y) := inf{g(∇gf,∇gf )(x, y): x ∈ N, f ∈ C∞(N ×Rn),
g′(∇g′f,∇g′f )(x, y)= 1
}
.
Since N is compact, η(y) > 0 for any y ∈Rn and η ∈ C(Rn).
Now, as we did above, let h(x, y) := α(|y|2), (x, y) ∈ N × Rn, where α ∈ C∞[0,∞)
satisfying α > 0, α′  0, α′′  0 and h2  η such that the metric g˜ = h−2g′ is complete
with bounded Ricci curvature. Then there exist V ∈ C∞(N ×Rn) such that µ, the proba-
bility measure with density eV w.r.t. the volume measure induced by g, satisfies
µ
(
f 2 logf 2
)
 µ
(
g˜(∇g˜f,∇g˜f )
)+µ(f 2) logµ(f 2), f ∈ L2(µ)∩ W 2.1loc .
Thus, the first assertion follows from the fact that
g˜(∇g˜f,∇g˜f ) = h2g′(∇g′f,∇g′f ) g(∇f,∇f ).
(b) Next, for any complete Riemannian manifold and any o ∈ M , let Mo := M\ cut(o)
and Uo := exp−1o (Mo), where cut(o) is the cut-locus of o which is closed and has zero
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star-like open set so that one may write
Uo =
{
rθ : θ ∈ Sd−1, 0 r < rθ
}
,
where Sd−1 := {x ∈Rd : |x| = 1} and rθ > 0 for each θ ∈ Sd−1. Let h be constructed in the
proof of Theorem 1.2 for Uo in place of M . Then
ϕ :Uo →Rd ; ϕ(x) := x
1∫
0
ds
h(sx)
= θ
|x|∫
0
dr
h(rθ)
, θ := x|x| ∈ S
d−1 if x = 0,
gives rise to a diffeomorphism. Indeed, it is trivial to see that ϕ is smooth and is one to one,
so it suffices to verify that ϕ(Uo) = Rd . Given 0 = y ∈ Rd , let θ = |y|/y ∈ Sd−1. To find
out r ∈ (0, rθ ) such that ϕ(rθ) = y , we first verify that
γ (r) :=
r∫
0
ds
h(sθ)
↑ ∞ as r ↑ rθ . (3.4)
Letting Dn be taken in the proof of Theorem 1.2 for Uo in the place of M , one has sθ (n) :=
sup{r > 0: rθ ∈ Dn} ↑ rθ as n ↑ ∞. For r > sθ (n) we have
r∫
0
ds
h(sθ)

n∑
k=2
sθ (k)∫
sθ (k−1)
ds
h(sθ)

n∑
k=2
1
ck ∧ 1 dist
(
Dk−1, ˚Dck
)
 n− 1.
Moreover, γ (r) is continuous in r and γ (0) = 0. Then by (3.4) there exists r0 ∈ (0, rθ )
such that |y| = γ (r0), that is, ϕ(r0θ) = y and r0θ ∈ Uo.
Next, since Mo is diffeomorphic to Uo, it is diffeomorphic to Rd . Then, by the first
assertion, for any c > 0, there exists V ∈ C∞(Mo) with dµ := 1MoeV dx a probability
measure satisfying
µ
(
f 2 logf 2
)
 cµ
(|∇f |2)+ µ(f 2) logµ(f 2), f ∈ W 2,1(Mo;µ).
Since µ(cut(o))= 0, one has W 2,1(µ) = W 2,1(Mo;µ) and hence (1.1) holds.
(c) Finally, for incomplete (M,g), by the proof of Theorem 1.2, there exists a metric g˜
such that (M, g˜) is complete and g˜(∇g˜f,∇g˜f ) |∇f |2 for any differentiable function f .
By (b) we know that there exists V ∈ C∞(M \ D) for some closed set D of zero volume
(noticing that the two volume measures are absolutely continuous to each other), such that
dµ := eV dx is a probability measure and (1.1) holds for g˜(∇g˜f,∇g˜f ) in place of |∇f |2.
Therefore, the proof is completed since g˜(∇g˜f,∇g˜f ) |∇f |2. 
Proof of Theorem 1.3. The assertion (2) follows immediately from [18, Theorems 4.5
and 5.1]. Moreover, by means of (b) and (c) in the proof of Theorem 1.1, (1) and (3)
follow from (4). Therefore, we only prove (4). By (a) in the proof of Theorem 1.1, we may
assume that the metric g equipped on N ×Rn is complete with Ricci curvature bounded
below. By [16, Corollary 5.2] and a simple perturbation argument, if V ∈ C∞(M) such that
V +exp[ρ] is bounded, where ρ is the Riemannian distance function to a fixed point o, then
(1.7) holds for some c > 0. The equivalence of (1.7) and (1.8) is due to [18, Theorem 4.5].
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with |ρ − ρ¯| < 1 and |∇ρ¯| < 2, let V := cρ¯ and P (1)t the semigroup generated by +∇V .
By [16, Appendix] we have(
Ptf (x)
)2  c1
µ(B(x,
√
t))
, x ∈ M, t > 0,
for some c1 > 0, where B(x,
√
t) is the closed geodesic ball at x with radius
√
t . So, (1.10)
follows from
µ
(
B(x, r)
)
 c2rd, r > 0, (3.5)
for some c2 > 0. This inequality has already been verified in [16, Appendix] for r ∈
(0,1], so it remains to verity for r > 1. To this end, let dµ′0 := ec
′ρ¯ dx for some c′ ∈
(
√
K(d − 1), c), then by [16, Appendix],
µ′
(
B(x, r)
)
 c2rd , r ∈ [0,1], (3.6)
for some c2 > 0. Thus, for any r > 1 and any x ∈ M, let y ∈ B(x, r − 1/4) such that
ρ(y)  r/4. Indeed, if ρ(x)  r/4 then we take y = x; otherwise we may take y with
dist(x, y)= r/2. Thus, B(y,1/4) ⊂ B(x, r) and ρ¯  ρ − 1 (r − 1)/4 − 1 on B(y,1/4).
Therefore, (3.6) implies
µ
(
B(x, r)
)
 µ
(
B(y,1/4)
)
 e(c−c′)((r−1)/4−1)µ′
(
B(y,1/4)
)
 c3 exp[c3r]
for some c3 > 0 and all r > 1. In particular, (3.5) holds for some c2 > 0 and all r > 1.
Finally, the equivalence of (1.9) and (1.10) is due to [7,14]. 
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